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A Unified Mathematical Framework for
Strapdown Algorithm Design

Paul G. Savage
Strapdown Associates, Inc., Maple Plain, Minnesota 55359

A unified two-speed mathematical framework is described for strapdown inertial system integration algorithm
design that uses a new concept for velocity/position updating. The velocity/position equations are structured using
a Jordan-like attitude updating approach; the update equations are designed to provide the exact solution under
particular input conditions, and the update inputs are then redefined to provide the correct solution under general
motion. For the Jordan approach, the attitude update input is the Euler rotation vector generated by high-speed
integration of a rotation vector rate equation; for the new velocity/position updating concept, inputs are veloc-
ity/position translation vectors generated by high-speed integration of translation vector rate equations. Exact
differential equations are derived for the translation vectors that parallel the exact rotation vector rate equation
originally derived by Laning and applied by Bortz in a Jordan-like structure. The new velocity/position concept
coupled with the Jordan/Bortz/Laning attitude updating approach provides a unified framework for strapdown
integration algorithm design. Continuous-form algorithms are developed within the unified framework based on
simplified forms of the exact rotation/translation vector rate equations. Algorithm performance comparisons are
presented based on derived analytical error equations under maneuver and vibration motion. A discussion is
included on algorithm design approaches for digital integration of the rotation/translation vector rate equations.
Simulation studies are described that numerically validate the accuracy of the principal analytical results.

Nomenclature
aSF, aSFx , aSFy , aSFz = specific force acceleration vector

(sensed by accelerometers) and
components in frame B

aSF0
= sinusoidal specific force

acceleration vibration amplitude
aη, aζ = coefficients in F , G inverses
a0, ȧ0, ä0, . . . = value and derivatives of aSF

at tm − 1

B = sensor (body) coordinate frame
aligned with strapdown inertial
sensor axes

Bm = frame B orientation at computer
cycle m, treated as an inertially
nonrotating coordinate frame

B(t) = frame-B orientation at time t
bη, bζ = coefficients in F , G inverses
C = shorthand for C Bm − 1

B(t)
C ( )

[ ] = direction cosine matrix that
transforms vectors from
coordinate frame [ ] to ( )

F = matrix for translating η into �vSF

f1, f2, . . . = trigonometric coefficients in
unified navigation equations

G = matrix for translating ζ into �RSF
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G1, G2 = sinusoids at folded generalized
vibration frequency ρ ′

g = gravitational acceleration
g1, g2, g3, g4 = coefficient functions in algorithm

errors under vibration
H = functional operator for χ̇
h1, h2 = coefficients in rotation/translation

vector rate equations
I = identity matrix
J = function used in G1, G2 folded

vibration frequency
sinusoids

K = nearest integer number of
generalized ρ frequency cycles in
an m cycle

M = number of m cycle sums
m = computer cycle index; as

subscript, indicates parameter
value at computer cycle m

N = navigation coordinate frame
(inertially nonrotating for this
paper)

R = position vector
Sα = double integral of ω since

computer cycle m − 1

237



238 SAVAGE

Sυ = double integral of aSF since
computer cycle m − 1

Tm = time interval for m computer
update cycle

t = time
t0 = time t at m = 0
ux , uy, uz = unit vectors along x, y, zB-frame

axes
V, V1, V2, V3 = general vector parameters
v = velocity vector
α = integral of ω in frame B since

computer cycle m − 1
α, αx , αy, αz = magnitude and B-frame

components of α
β = vibration frequency

parameter 	Tm

�C = trigonometric function in
algorithm errors under vibration

�Rg = change in position due to gravity
since computer cycle m − 1

�RSF = change in position due to specific
force acceleration since computer
cycle m − 1

�RSFAlgo/d
= algorithm computed position

change due to specific force
acceleration when using �ζAlgo/d

for scrolling
�RSFmax = maximum value of �RSF over

computer cycle m
�S = trigonometric function in

algorithm errors under vibration
�vg = change in velocity due to gravity

since computer cycle m − 1
�vSF = change in velocity due to specific

force acceleration since computer
cycle m − 1

�vSFmax = maximum magnitude of �vSF

over computer cycle m
�ζAlgo/c = scrolling portion of ζAlgo/c

�ζAlgo/d = alternative definition for scrolling
term

�ζ i = i th ζ Picard expansion solution
component

�ηAlgo/c = sculling portion of ηAlgo/c

�ηi = i th η Picard expansion solution
component

�φi = i th φ Picard expansion solution
component

�χi = i th χ Picard expansion solution
component

δ�RBm − 1

SFm
= computation error in exact

solution for �RBm − 1

SFm
δ�vBm − 1

SFm
= computation error in exact

solution for �vBm − 1

SFm
δ(δφAnalAlgcEr), = error in the analytical estimates
δ(δηAnalAlgcEr) for δφAlgcEr, δηAlgcEr

δζAlgo/a, δζAlgo/b, δζAlgo/c = errors in ζAlgo/a, ζAlgo/b, ζAlgo/c

δζPic = error in Picard expansion solution
for ζ

δηAlgcEr, δηAlgcErMag
= error in ηAlgo/c and the error

magnitude
δηAlgo/a, δηAlgo/b, δηAlgo/c = errors in ηAlgo/a,ηAlgo/b,ηAlgo/c

δηPic = error in Picard expansion solution
for η

δφAlgcEr, δφAlgcErMag
= error in φAlgo/c and the error

magnitude
δφAlgo/a, δφAlgo/b, δφAlgo/c = errors in φAlgo/a,φAlgo/b,φAlgo/c

δφm = computation error in exact
solution for φm

δφPic = error in Picard expansion solution
for φ

ζ = position translation vector in
the B frame

ζAlgo/a, ζAlgo/b, ζAlgo/c = simplified versions of ζ for
algorithm usage

ζ i = i th-order Picard expansion
solution for ζ

ζmax = maximum magnitude of ζ over
computer cycle m

ζScroll = portion of ζ due to scrolling
motion

η = velocity translation vector in
the B frame

ηAlgo/a,ηAlgo/b,ηAlgo/c = simplified versions of η for
algorithm usage

ηi = i th-order Picard expansion
solution for η

ηmax = maximum magnitude of η over
computer cycle m

ηScull = portion of η due to sculling
motion

θ0 = sinusoidal angular vibration
amplitude

ρ = generalized vibration frequency
parameter

ρ ′ = folded frequency of sinusoids at
frequency ρ sampled at
the m cycle rate

τ = normalized time since computer
cycle m − 1 as a fraction of Tm

υ, υx , υy, υz = integral of aSF in frame B since
computer cycle m − 1 and its
components

φ, φ = rotation vector equivalent
to C Bm − 1

B(t) and its magnitude
φAlgo/a,φAlgo/b,φAlgo/c = simplified versions of φ for

algorithm usage
φcone = portion of φ due to coning motion
φi = i th-order Picard expansion

solution for φ
φmax = maximum magnitude of φ over

computer cycle m
χ = state vector containing φ,η and ζ
χi = i th-order Picard expansion

solution for χ
	 = vibration frequency
	′ = folded frequency of sinusoids at

frequency 	 sampled at the
m cycle rate

ω,ωx ,ωy,ωz = angular rate vector and
components in the B frame

ω0, ω̇0, ω̈0, . . . = value and derivatives of ω at tm − 1

( )[ ] = column matrix formed from the
components of vector ( ) in
coordinate frame [ ]

[( )×] = skew symmetric cross-product
matrix form of vector ( ) that
satisfies [( )×] V = ( ) × V

(̇ ), (̇ )̇,
∴
( ) = first, second and third time

derivatives of ( )

Introduction

M ODERN day strapdown inertial navigation system integra-
tion routines have been formulated in many applications us-

ing a two-speed structure; navigation parameters (attitude, veloc-
ity, position) are updated using basic higher-order algorithms, and
inputs to the basic algorithms are derived from a high-speed digi-
tal integration process within the navigation parameter update time
interval. The basic algorithms account for low-frequency large an-
gular amplitude dynamics; the high-frequency routines account for
high-frequency small angular amplitude effects (e.g., vibration). The
overall structure is designed such that most of the computations are
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executed by the basic updating function with the high-speed opera-
tion containing comparatively few calculations per high-speed cy-
cle. The net result is that computer through put is conserved because
only the high-speed computations must be operated at the rate re-
quired to process high-frequency angular dynamics accurately; the
basic navigation parameter update frequency can be set based on
other less demanding requirements (e.g., to ensure that the maxi-
mum attitude change per update cycle is small, thereby protecting
small angle approximations in the processing algorithms). When
the basic algorithms (the dominant navigation solution) are formu-
lated from closed-form analytical expressions that are exact under
particular input conditions (e.g., constant strapdown angular rate
and specific force acceleration) documentation is straightforward,
validation is precise (by exact comparison with comparable exact
solution truth models), and one set of algorithms can be used gener-
ically for all applications.

The two-speed structure for attitude updating was originated by
the author in 1966 using a second-order basic updating algorithm
with the high-speed digital integration function derived from a first-
order differential equation.1 In 1969, Jordan proposed a two-speed
attitude computation structure in which the form of the basic up-
dating operation was based on the correct attitude solution under
rotation about a fixed (nonrotating) axis.2 For this condition, the
algorithm input is the direct integral of angular rate vector com-
ponents provided by angular rate sensors. For general angular mo-
tion (in which the axis of rotation is changing direction), Jordan
proposed that the analytical form of the basic algorithm should re-
main the same, but that the Euler rotation vector be used for input
rather than integrated angular rate. The high-speed operation then
became an integration of rotation vector rate-of-change over the at-
titude update cycle. The Jordan high-speed integration algorithm for
the rotation vector was based on an approximate first order applica-
tion of the Goodman/Robinson theorem.3

In 1971, Bortz4 proposed that the high speed integration operation
in the two-speed attitude updating structure be based on the exact
rotation vector rate equation derived in 1949 by Laning.5 Having the
exact rotation vector rate equation as a base provided a framework
for simplified algorithm development and accuracy evaluation by
comparison with the exact form. The exact Jordan structure coupled
with the integrated Bortz/Laning exact rotation vector rate equation
has been the basis for continuing modern day strapdown attitude
algorithm development.

This paper presents a new concept for strapdown velocity and
position updating using a Jordan two-speed attitude computation
structure. In direct analogy to Jordan attitude updating, the analytical
form of the velocity/position algorithms is based on solutions that are
exact under particular input conditions, in this case constant angular
rate and specific force acceleration (Ref. 6 and Ref. 7, Secs. 7.2.2.2.1
and 7.3.3.1). For constant angular-rate/specific-force, the algorithm
input is the direct integral of angular-rate/specific-force vector com-
ponents provided by angular-rate sensors and accelerometers. The
exact constant-input solutions were originally derived as an expan-
sion of rotation compensation terms present in first-order two-speed
algorithms designed for general (nonconstant) inputs (Refs. 6, 8,
and Ref. 7, Secs. 7.2.2.2 and 7.3.3). For the new concept, ex-
act general-input velocity/position algorithms are synthesized us-
ing the Jordan approach of having the same analytical form under
general input as the exact constant-input solutions, but with veloc-
ity/position translation vectors (analogous to the rotation vector)
replacing the integrated angular-rate/specific-force used under
constant input. The translation vectors are calculated by inte-
grating translation vector rate equations over a velocity/position
update cycle. Differential equations are derived in the paper for
the velocity/position translation vectors that are exact under gen-
eral motion (analogous to the Laning rotation vector rate equa-
tion). The new velocity/position updating concept coupled with
the Jordan/Bortz/Laning attitude updating approach provides a uni-
fied mathematical framework for strapdown integration algorithm
design.

Strapdown computation algorithms can be designed within the
unified framework using the exact closed-form equations directly

(without approximation) for attitude/velocity/position updating. In-
puts to the updating algorithms would be high-speed numerical in-
tegration routines based on simplified integral versions of the exact
rotation/translation vector rate equations. The paper provides ex-
amples of simplified rotation/translation vector rate equations and
associated performance characteristics under generalized angular-
rate/specific-force maneuver and vibration profiles. The perfor-
mance investigations and some of the high speed routines are based
on a Picard expansion solution9 to the exact rotation/translation
vector rate equations, derived here in powers of integrated angular-
rate/specific-force.

A general discussion is included in the paper on potential design
approaches for digital algorithms used for high-speed integration
of the simplified rotation/translation vector rate equations over the
attitude/velocity/position update cycle. The Appendix provides a
description of digital simulation studies conducted to numerically
verify the accuracy of the principal analytical results.

Unified Mathematical Framework Based on Constant
Angular Rate/Specific Force

The following generalized differential equations describe time
rates of change of attitude and specific-force acceleration induced
velocity/position in a coordinate frame Bm − 1 representing the ori-
entation of a generalized rotating coordinate frame B at time tm − 1

(Ref. 7, Secs. 4.1, 4.3, and 4.4.1.2):

Ċ Bm − 1

B(t) = C Bm − 1

B(t) (ω×) �v̇Bm − 1

SF (t) = C Bm − 1

B(t) aSF

�Ṙ
Bm − 1

SF (t) = �v
B(m − 1)

SF (t) (1)

A generalized structure for updating attitude/velocity/position in a
strapdown inertial navigation system is obtained from the cumula-
tive integral of Eqs. (1) over strapdown computer update cycles m,
referenced to a nonrotating coordinate frame N and including the
effect of gravity,

C Bm − 1

B(t) = I +
∫ t

tm − 1

Ċ Bm − 1

B(t) dt C N
Bm

= C N
Bm − 1

C Bm − 1

B(tm )

vN
m = vN

m − 1 + �vN
g (tm) + C N

Bm − 1
�vBm − 1

SF (tm)

�vN
g (t) =

∫ t

tm − 1

gN dt �vBm − 1

SF (t) =
∫ t

tm − 1

�v̇Bm − 1

SF dt

RN
m = RN

m − 1 + vN
m − 1Tm + �RN

g (tm) + C N
Bm − 1

�RBm − 1

SF (tm)

�RN
g (t) =

∫ t

tm − 1

�vN
g (t) dt �RBm − 1

SF (t) =
∫ t

tm − 1

�ṘBm − 1

SF (t) dt

(2)

In a strapdown inertial navigation system, the angular rate vector
ω is measured by strapdown angular rate sensors, the specific force
acceleration vector aSF is measured by strapdown accelerometers,
the B frame represents a coordinate frame that maintains align-
ment with the rotating strapdown sensors (the body frame), and the
N frame represents navigation coordinates for output reporting. In
many systems, the N frame is slowly rotated (e.g., to maintain one
axis vertical in the presence of vehicle motion and Earth’s rotation
rate) in which case Eqs. (2) would have additional terms (Refs. 6, 8,
10, and Ref. 7, Secs. 4.1, 4.3, and 4.4.1.2). Note that in some systems
the C N

B direction cosine matrix is replaced by an equivalent attitude
quaternion (using the quaternion equivalent to C Bm − 1

B(tm ) in Eqs. (2) for
input), and position location R is represented by altitude and angu-
lar location over the Earth’s surface [using the C N

Bm − 1
�RBm − 1

SF (tm)
term in Eqs. (2) for input (Refs. 6, 8, 10, and Ref. 7, Secs. 4.1, 4.4,
7.1.2, and 7.3)]. Equations (2) and subsequent results in this paper
can be easily modified to incorporate these alternative navigation
parameter representations.
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The unified approach to navigation parameter updating is based
on the following closed-form solution to the Eqs. (2) attitude and
specific-force acceleration integrals under conditions when ω and
aSF are constant (Ref. 6 and Ref. 7, Secs. 7.2.2.2 and 7.3.3):

C Bm − 1

B(t) = I + f1(α)(α×) + f2(α)(α×)2 (3)

�vBm − 1

SF (t) = [
I + f2(α)(α×) + f3(α)(α×)2

]
υ (4)

�RBm − 1

SF (t) = [
I + 2 f3(α)(α×) + 2 f4(α)(α×)2

]
Sυ (5)

α ≡
∫ t

tm − 1

ω dt υ ≡
∫ t

tm − 1

aSF dt Sυ ≡
∫ t

tm − 1

υ dt (6)

with

f1(α) = sin α/α f2(α) = (1 − cos α)/α2

f3(α) = (1/α2)(1 − f1(α)) f4(α) = (1/α2)
(

1
2

− f2(α)
)

(7)

Note that Eqs. (3) and (4) are actually valid in a more general en-
vironment; Eq. (3) is valid when the direction of ω is fixed even
though its magnitude may be changing, and Eq. (4) is valid under
the previous ω condition and when the ratio of aSF to ω components
is constant. Constant angular-rate/specific-force is a special case of
the preceding more general conditions.

Unified Mathematical Framework Based
on General Motion

For the unified updating approach, under general motion condi-
tions the form of Eqs. (3–7) is maintained, but α,υ, and Sυ are
replaced by the rotation and velocity/position translation vectors
φ,η, and ζ,

C Bm − 1

B(t) = I + f1(φ)(φ×) + f2(φ)(φ×)2

�vBm − 1

SF (t) = [
I + f2(φ)(φ×) + f3(φ)(φ×)2

]
η

�RBm − 1

SF (t) = [
I + 2 f3(φ)(φ×) + 2 f4(φ)(φ×)2

]
ζ

f1(φ) = sin φ/φ = 1 − φ2/3! + φ4/5! − · · ·
f2(φ) = (1 − cos φ)/φ2 = 1/2! − φ2/4! + φ4/6! − · · ·

f3(φ) = (1/φ2)(1 − f1(φ)) = 1/3! − φ2/5! + · · ·
f4(φ) = (1/φ2)

(
1
2

− f2(φ)
) = 1/4! − φ2/6! + · · · (8)

The rotation vector φ in Eqs. (8) is as described by Laning5 and
Jordan.2 The translation vectors η and ζ are new concepts. They are
defined implicitly to be vectors that when used as shown in Eqs. (8)
yield the correct result for �vBm − 1

SF (t) and �RBm − 1

SF (t) under general
motion. This is also how the rotation vector φ can be defined, that
is, the vector that when used as shown in Eqs. (8) yields the correct
result for C Bm − 1

B(t) . The definition of the correct result is that obtained
by direct integration of generalized Eqs. (1).

Differential Equations for Translation
and Rotation Vectors

The definitions for the velocity/position translation vectors given
in the preceding section can be restated as η and ζ being vectors
that equate the derivative of �vBm − 1

SF (t), �RBm − 1

SF (t) in Eqs. (8) to
the �v̇Bm − 1

SF (t), �ṘBm − 1

SF (t) terms in Eqs. (1). Thus, η and ζ can be
defined as the solutions to

CaSF = Ḟη + F η̇ Fη = Ġζ + Gζ̇ (9)

C = I + f1(φ×) + f2(φ×)2

F = I + f2(φ×) + f3(φ×)2

G = I + 2 f3(φ×) + 2 f4(φ×)2 (10)

where f1– f4 are as defined in Eqs. (8). The η and ζ rate equations,
that is, η̇ and ζ̇, are derived directly from Eqs. (9) and (10). Solving
for η̇ and ζ̇ in Eq. (9) gives

η̇ = F−1(C aSF − Ḟη) ζ̇ = G−1(Fη − Ġζ) (11)

Analytical expressions for the F and G inverses in Eqs. (11) can
be developed by assuming a general form for F−1 and G−1 of
I − a(φ×) + b(φ×)2, multiplying F and G by the general form,
equating the products to the identity matrix, substituting the identity
(φ×)3 = − φ2(φ×), and solving for the a and b coefficients. The
result is

F−1 = I − aη(φ×) + bη(φ×)2

G−1 = I − aζ (φ×) + bζ (φ×)2

aη = 1

2
bη = 1

φ2

(
1 − φ sin φ

2(1 − cos φ)

)
aζ = f3

2
(

f 2
2 + f 2

3 φ2
) bζ = f 2

3 − f2 f4

f 2
2 + f 2

3 φ2
(12)

The derivative terms in Eqs. (11) are

Ḟ = ḟ2(φ×) + ḟ3(φ×)2 + f2(φ̇×) + f3[(φ×)(φ̇×) + (φ×)(φ̇×)]

Ġ = 2 ḟ3(φ×) + 2 ḟ4(φ×)2 + 2 f3(φ̇×)

+ 2 f4[(φ×)(φ̇×) + (φ×)(φ̇×)] (13)

When the fi definitions in Eqs. (8) are used with ḟi = (d fi/dφ)φ̇
and φ̇ = (1/φ)φ · ω, (from Refs. 4, 5, 8, and Ref. 7, Sec. 3.3.5) the
ḟi terms in Eqs. (13) become

ḟ2 = f1 − 2 f2

φ2
φ · ω ḟ3 = f2φ

2 − 3(1 − f1)

φ4
φ · ω

ḟ4 = −1 + f1 − 4 f2

φ4
φ · ω (14)

Substituting Eqs. (10), (12), and (13) with Eqs. (14) into
Eqs. (11) yields expanded expressions for η̇ and ζ̇. The final η̇
and ζ̇ form shown subsequently in Eqs. (15) is obtained after a sig-
nificant amount of matrix/vector algebraic expansion/manipulation,
trigonometric manipulation/compression of coefficients, applica-
tion of φφ̇ =φ ·ω, and use of the identities,

V1 × (V2 × V3) = V2(V1 · V3) − V3(V1 · V2)

(φ×)3 = −φ2(φ×)

[(V1 × V2)×] = (V1×)(V2×) − (V2×)(V1×)

The rotation vector rate equation φ̇ is also included in Eqs. (15) for

comparison with η̇ and ζ̇. Several derivations for φ̇ are available
in the literature (e.g., Refs. 4, 8, 10, 11 and Ref. 7, Sec. 3.3.5) in
addition to Laning’s original derivation.5 Thus,

φ̇ = ω + 1
2
φ × ω + f5φ × (φ × ω)

η̇ = aSF + 1
2
(φ × aSF − φ̇ × η)

+ f5φ × (φ × aSF − φ̇ × η) + f3(φ × φ̇) × η

− 1
2

f3φ× [(φ× φ̇) ×η] + f4φ
2φ̇×η+ f6φ×[φ× (φ̇×η)]

+ 1
2

f3φ · ωφ × η + f7φ × {φ × [(φ × φ̇) × η]}
+ f8φ

2φ × (φ̇ × η) − f8φ · ωφ × (φ × η)

ζ̇ = η + 1
6
(φ × η − 2φ̇ × ζ)

+ f9φ × (φ × η − 2φ̇ × ζ) + 2 f4(φ × φ̇) × ζ

− f10φ × [(φ × φ̇) × ζ] − f11φ
2φ × η + f12φ

2φ̇ × ζ

+ f13φ × [φ × (φ̇ × ζ)] + f14φ ·ωφ × ζ + f15φ × {φ
×[(φ× φ̇) × ζ]} + f16φ

2φ× (φ̇× ζ) − f17φ ·ωφ× (φ× ζ)

(15)
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In Eqs. (15), f3 and f4 are as in Eqs. (8) and h1, h2, f5– f17 are given
by

f5 = 1

φ2

[
1 − φ sin φ

2(1 − cos φ)

]
f6 = 1

φ2

(
1 − 1

2
f1 − f2

)
f7 = f3 f5 f8 = 1

2φ4

[
5 + cos φ − 3φ sin φ

(1 − cos φ)

]
f9 = f3 − f2h1 + h2

(
1 − f3φ

2
)

f10 = 2 f4h1 f11 = 1

φ2

[
h1

(
1 − f3φ

2
) − f2

(
1 − h2φ

2
) + 1

6

]
f12 = 2

φ2

(
1

6
− f3

)
f13 = 2(2 f4h1 − f3h2)

f14 = 2

φ4

{
(1 + f1 − 4 f2)h1φ

2 − [
f2φ

2 − 3(1 − f1)
](

1 − h2φ
2
)}

f15 = 2 f4h2

f16 = 2

φ2

{
f3 − 2 f4 − h1( f2 − f3) + h2

[
1 − (

f3 − 2 f4

)
φ2

]}
f17 = − 2

φ4

{[
f2φ

2 − 3(1 − f1)
]
h1 + (1 + f1 − 4 f2)

(
1 − h2φ

2
)}

h1 = f3

2
(

f 2
2 + f 2

3 φ2
) h2 = f 2

3 − f2 f4

f 2
2 + f 2

3 φ2
(16)

Note the similarity in structure in Eqs. (15) for the φ̇, η̇, and ζ̇
equations out to second order in products of φ,η, and ζ (i.e., the
first line of φ̇ compared with the first two lines of η̇, and ζ̇). The

leading inputs to η̇ and ζ̇ are specific force acceleration aSF and
its integral η; for φ̇, the leading input is angular rate ω. It can be
verified analytically that under constant ω and aSF, Eqs. (15) re-
duce exactly to φ̇=ω, η̇= aSF, and ζ̇ =υ, that is, φ=α,η=υ,
and ζ = Sυ . Hence, Eqs. (8) reduce exactly to Eqs. (3–7). This
is the expected result because Eqs. (8) were formulated exactly
from the Eqs. (3–7) constant angular-rate/specific-force solutions.
As noted following Eqs. (8), it is also true that φ̇ and η̇ reduce
to ω and aSF under the more general condition of constant ω di-
rection and constant ratio of aSF to ω components (of which con-
stant ω, aSF is a particular case); ζ̇ reduces to υ only under con-
stant ω and aSF. Thus, other than the leading ω, aSF, and υ inputs

to φ̇, η̇, and ζ̇ in Eqs. (15), the additional terms (also known as

coning for φ̇, sculling for η̇, and scrolling for ζ̇) measure contri-
butions to φ̇, η̇, and ζ̇ caused by departures from the earlier de-
fined particular angular-rate/specific-force conditions. In general,
coning, sculling, and scrolling effects are small compared to ω, aSF,
and υ.

The integral of Eqs. (15) over an m cycle provides φ, η, and ζ
for Eqs. (8) which, with Eqs. (2), provides the unified structure for
attitude, velocity, and position updating,

C N
Bm

= C N
Bm − 1

C Bm − 1

Bm

vN
m = vN

m − 1 + �vN
gm

+ C N
Bm − 1

�vBm − 1

SFm

RN
m = RN

m − 1 + vN
m − 1Tm + �RN

gm
+ C N

Bm − 1
�RBm − 1

SFm

C Bm − 1

Bm
= I + f1(φm)(φm×) + f2(φm)(φm×)2

�vBm − 1

SFm
= [

I + f2(φm)(φm×) + f3(φm)(φm×)2
]
ηm

�RBm − 1

SFm
= [

I + 2 f3(φm)(φm×) + 2 f4(φm)(φm×)2
]
ζm

φm =
∫ tm

tm − 1

φ̇ dt ηm =
∫ tm

tm − 1

η̇ dt ζm =
∫ tm

tm − 1

ζ̇ dt (17)

Equations (15–17) constitute a complete set for updating the attitude
matrix, the velocity, and the position vectors. The equations contain
no approximations and are exact under general motion.

Strapdown Algorithm Design Based
on Unified Mathematical Formulation

Strapdown system digital integration algorithms can be designed
within the unified framework by using exact equations (17) as
shown, that is, without approximation, for the attitude/velocity/
position updating function, with high-speed digital integration al-
gorithms designed for the rotation/translation vector inputs. The
similarity in structure between the Eqs. (17) attitude, velocity, and
position update expressions simplifies conversion into equivalent
software instructions. Approximate forms of Eqs. (15) and (16)
would be used as the design base for the rotation/translation vector
digital integration algorithms. Examples of the latter operation are
provided subsequently in the paper.

Structuring the algorithms such that they are primarily based
on the Eqs. (17) exact closed-form solutions significantly simpli-
fies the algorithm software validation process. Validation generally
consists of operating the algorithms with simulated sensor inputs
designed to exercise all algorithm elements, and then comparing
algorithm outputs with equivalent data generated from exact truth
model dynamic simulators, for example, see Ref. 7, Sec. 11.2. For
properly derived and programmed algorithms, the comparison will
yield identically zero difference, thereby providing a clear unam-
biguous algorithm software validation. Once validated, such algo-
rithms can be used as a generic set suitable for all strapdown inertial
applications. Associated algorithm documentation is also simpli-
fied because algorithm derivations are classical analytical formu-
lations and explanations/numerical-error-analysis justification for
application dependent approximations are not required (because
there are none). Modern day strapdown system computer technol-
ogy (high throughput, long word length, floating-point architecture)
allows the general use of such exact solution algorithms without
penalty.

The dominant portion of the rotation/translation vectors is the
simple integral of angular-rate/specific-force signals. The addi-
tional coning, sculling, and scrolling terms are much smaller
in magnitude. Consequently, associated algorithm design and
validation approaches can vary by designer while still achiev-
ing reasonable performance results. Validation of the rotation/
translation vector digital integration algorithms is achieved in two
steps: 1) verification that Eqs. (15) approximations yield expected
and acceptable errors under sample dynamic inputs and 2) verifi-
cation that under prescribed inputs digital integration algorithms
based on the approximations yield the same numerical results as
the equivalent continuous integration process. Step 1 is facilitated
by using the continuous integration of Eqs. (15) and (16) (or its
Picard expansion series equivalent9) as an exact reference solu-
tion. A new Picard series expansion approach is described next for
Eqs. (15) and (16) in powers of angular-rate/specific-force and their
integrals.

Equivalent Differential Equations Based
on Picard Series Expansion

Equations (15) are functions of the φ, η, and ζ parameters be-
ing calculated as well as measured inputs ω and aSF. For accuracy
studies and algorithm development, it is convenient to generate the
equivalent version in terms of ω and aSF (and their integrals) only.
In strapdown applications, the m cycle update time period is se-
lected to be short enough that, under maximum expected angular
rates, φ will be small, thereby assuring that the ω, aSF, and η lead-
ing terms in Eqs. (15) will be dominant. This allows a new Picard
iterative approach to be used in generating a power series equivalent
to Eqs. (15) in terms only of ω, aSF and their integrals. The Picard
approach applied to Eqs. (15) can be outlined by first defining the
state vector,

χ ≡ (φT ,ηT , ζT )T (18)
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We then define the i th Picard expansion solution as

χi ≡ (
φT

i ,ηT
i , ζT

i

)T
(19)

in which i is the Picard expansion series number and the corre-
sponding order of accuracy in the Picard expansion solution for χ
and its components. The order of accuracy is defined as the maxi-
mum number of products of integrated ω and aSF input parameters
α,υ, and Sυ [defined in Eq. (6)] appearing in the χi solution. When
defining the accuracy of ordering for this section, α and υ are each
of order one, whereas Sυ is of order two. In general, the integral
of a parameter increases its ordering by one, for example, Sυ is the
integral of first-order parameter υ, hence, is of order two and α and
υ are the integrals of zero-order parameters ω and aSF, hence, are of
order one. Conversely, the derivative of a parameter will decrease
its ordering by one. We then define the general Picard expansion
equivalent to Eqs. (15) as

χ̇i =
i∑
1

�χ̇ j �χ j =
∫ t

tm − 1

�χ̇ j dt χi =
i∑
1

�χ j (20)

where �χi is the change in χi from the i − 1 value. Each �χ̇i is
given by

�χ̇i = χ̇i − χ̇i − 1 (21)

which is the recursive derivative form of the middle term in Eqs. (20).
The χ̇i term in Eq. (21) is calculated based on Eqs. (15), which can
be represented as

χ̇ = H(χ,ω, aSF) (22)

Using the previous ordering rule for derivatives, χ̇i is calculated
from Eq. (22) with χi − 1 used for χ in H and with H only including
terms up to order i − 1 in α,υ, and Sυ products,

χ̇i = [H(χi − 1,ω, aSF)]truncated at i − 1 (23)

Hence, Eq. (21) is equivalently

�χ̇i = [H(χi − 1,ω, aSF)]truncated at i − 1 − χ̇i − 1 (24)

The Picard solution components to fourth order for �φi and �ηi
and to fifth order for �ζ i are obtained by iterating on Eqs. (24)
and (20) using Eqs. (15) with Eqs. (16) for H . For compatibil-
ity with φ and η fourth-order and ζ fifth-order Picard expansion
accuracy, the following first-order truncated Taylor series φ ex-
pansions (i.e., in error by φ2 and higher powers) are used for
the Eqs. (16) f coefficients appearing in the Picard expansion
components:

f3 ≈ 1/6 f4 ≈ 1/24 f5 ≈ 1/12 f6 ≈ 1/8

f9 ≈ 1/36 f10 ≈ 1/36 f11 ≈ 1/540

f12 ≈ 1/60 f13 ≈ 5/108 f14 ≈ 1/30 (25)

The initial values for χi − 1 and χ̇i − 1 in Eq. (24) (i.e., the i = 1
values) are zero (χi − 1 =χ0 = 0 and χ̇0 = 0) to start the iteration
process.

When the described procedure is followed, Picard component
solutions to Eqs. (15) and (16) are obtained as

�φ̇1 = ω �φ1 = α �φ̇2 = (1/2)α × ω

�φ̇3 = (1/2)�φ2 × ω + (1/6)α × �φ̇2

�φ̇4 = (1/2)
(
�φ3 ×ω+ (1/3)α× �φ̇3

)
+ (1/6)�φ2 × �φ̇2 + (1/36)α2�φ̇2 (26)

�η̇1 = aSF �η1 = υ �η̇2 = (1/2)(α × aSF − ω × υ)

�η̇3 = (1/2)(�φ2 × aSF − ω × �η2)

+ (1/6)(α × �η̇2 − �φ̇2 × υ)

�η̇4 = (1/2)[�φ3 × aSF − ω × �η3 + (1/3)(α × �η̇3

− �φ̇3 × υ)] + (1/6)(�φ2 × �η̇2 − �φ̇2 × �η2)

+ (1/18)[(5α × �φ̇2) × υ − 4α × (�φ̇2 × υ)]

− (5/18)(α · �η̇2)α + (1/36)α2�η̇2 (27)

�ζ̇1 = 0 �ζ1 = 0 �ζ̇2 = υ �ζ2 = Sυ

�ζ̇3 = �η2 + (1/6)(α × υ − 2ω × Sυ)

�ζ̇4 = �η3 + (1/6)(�φ2 × υ− 2ω × �ζ3

− �φ̇2 × Sυ +α × �ζ̇3)

�ζ̇5 = �η4 + (1/6)

[
α × �ζ̇4 − 2ω × �ζ4 − �φ̇2 × �ζ3

+�φ2 × �ζ̇3 + �φ3 × υ − �φ̇3 × Sυ

]
− (1/12)α × (�φ̇2 × Sυ) + (11/90)(α × �φ̇2) × Sυ

+ (α2/60)(�ζ̇3 − �η2) − (1/6)αα · (�ζ̇3 − �η2) (28)

The Picard expansion equivalent to Eqs. (15) is then formed from
Eqs. (20) with Eqs. (19) and (26–28) for �χ̇ j . It is easily verified
that under constant angular-rate/specific-force [and the more general
conditions noted following Eqs. (16)] that Eqs. (19), (20) and (26–
28) reduce to φ̇= �φ̇1 =ω, η̇= �η̇1 = aSF, and ζ̇ = �ζ̇2 =υ, the
correct exact solution under these conditions. Thus, under general

motion, �φ̇i , �η̇i , �ζ̇ i + 1 for i > 1 measure deviations of φ̇, η̇, and
ζ̇, that is, coning, sculling, and scrolling effects, from the earlier
defined conditions.

Potential Continuous-Form High-Speed Algorithms
Strapdown computational algorithms are formulated as the dis-

crete numerical integration equivalent of a continuous differential
equation integral. Within the unified framework, computational al-
gorithms are formulated as the digital equivalent of integrated sim-
plified versions of the rotation/translation vector rate equations in
Eqs. (15) or the Picard equivalent Eqs. (19) and (20) with Eqs. (26–
28). For the remainder of this paper, the simplified versions will be
denoted as continuous-form algorithm rate equations. At the conclu-
sion of the paper, we will briefly discuss formulation of algorithms
to numerically perform the equivalent integration of the continuous-
form rate equations.

The simplest algorithm rate equations (set a) formed from
Eqs. (15) neglect all but the leading terms,

φ̇Algo/a = ω η̇Algo/a = aSF ζ̇Algo/a = υ =
∫ t

tm − 1

aSF dt

(29)
This algorithm set is based on the assumption that in the rotating
sensor frame, ω and aSF can be approximated as constants. Under
such conditions, Eqs. (15) reduce exactly to the Eqs. (29) form.

Under more dynamic conditions, we might try a truncated form
(set b) of Eqs. (15) and (16) with Eqs. (25) such as12

φ̇Algo/b = ω + 1
2
φAlgo/b × ω

η̇Algo/b = aSF + 1
2
(φAlgo/b × aSF − φ̇Algo/b × ηAlgo/b)

ζ̇Algo/b = ηAlgo/b + 1
6
(φAlgo/b × ηAlgo/b − 2φ̇Algo/b × ζAlgo/b)

(30)



SAVAGE 243

Based on truncated versions of Eqs. (26–28) with Eqs. (19) and (20)
[the Picard expansion equivalent to Eqs. (15) and (16)], we could
also try the second-order φ,η solution and third-order ζ solution
(set c):

φ̇Algo/c =ω+ 1
2
α×ω η̇Algo/c = aSF + 1

2
(α× aSF −ω×υ)

ζ̇Algo/c = ηAlgo/c + 1
6
(α × υ − 2ω × Sυ) (31)

The φ̇Algo/c approximation in Eqs. (31) was used in Refs. 2, 8, 10,
13–15, and Ref. 7, Sec. 7.1.1.1, where the second term was defined
as coning. The second term in η̇Algo/c has been defined as sculling
and was the basis for the high-speed portion of two-speed velocity
update algorithms in Refs. 6, 8, 15, and Ref. 7, Sec. 7.2.2.2. The

second term in ζ̇Algo/c is an alternative version of scrolling defined
for two-speed high-resolution positioning algorithms (Ref. 6 and
Ref. 7, Sec. 7.3.3).

To go with Eqs. (31), we might also try a variation on �vBm − 1

SF in
Eqs. (17) based on Eq. (4) [and its angular-rate/specific-force ap-
proximations described following Eqs. (7)], for the term multiplying
η,

ηAlgo/c = υ + �ηAlgo/c

�ηAlgo/c ≡
∫ t

tm − 1

1

2
(α × aSF − ω × υ) dt

�vBm − 1

SFAlgo/d
= [

I + f2(α)(α×) + f3(α)(α×)2
]
ηAlgo/c

= υ + [ f2(α)I + f3(α)(α×)](α × υ)

+ [
I + f2(α)(α×) + f3(α)(α×)2

]
�ηAlgo/c

≈ υ + [ f2(α)I + f3(α)(α×)](α × υ) + �ηAlgo/c

(32)

This is the algorithm developed in Ref. 6 and Ref. 7, Secs. 7.2.2.2 and

7.2.2.2-1, which provides the exact solution for �vBm − 1

SF under the
angular-rate/specific-force conditions described following Eqs. (7).
The middle term in the Eqs. (32) �vBm − 1

SFAlgo/d
expression was defined

as exact velocity rotation compensation.

As in Eqs. (32), we might also try a version of �RBm − 1

SF in Eqs. (17)
based on the original Eq. (5) approximation of constant angular-
rate/specific-force for the term multiplying ζ,

ζAlgo/c = Sυ + �ζAlgo/c

�ζAlgo/c =
∫ t

tm − 1

[
ηAlgo/c + 1

6
(α × υ − 2ω × Sυ)

]
dt

�RBm − 1

SFAlgo/d
= [

I + 2 f3(α)(α×) + 2 f4(α)(α×)2
]
ζAlgo/c

= Sυ + [
2 f3(α)(α×) + 2 f4(α)(α×)2

]
Sυ

+ [
I + 2 f3(α)(α×) + 2 f4(α)(α×)2

]
�ζAlgo/c

≈ Sυ + [2 f3(α)I + 2 f4(α)(α×)](α × Sυ) + �ζAlgo/c

(33)

A variation on Eqs. (33) is based on the following development:

Sα ≡
∫ t

tm − 1

α dt

�ζ̇Algo/c = �ηAlgo/c + 1

6
(α×υ− 2ω× Sυ) = �ηAlgo/c

+ 1

6

[
α×υ− Sα × aSF −ω× Sυ + d

dt
(Sα × υ−α× Sυ)

]

�ζAlgo/d ≡
∫ t

tm − 1

[
�ηAlgo/c + 1

6
(α×υ− Sα × aSF −ω× Sυ)

]
dt

ζAlgo/c = Sυ + �ζAlgo/c = Sυ + 1

6
(Sα × υ−α × Sυ) + �ζAlgo/d

(34)

Substitution in Eqs. (33), approximating 1
6
≈ f3(α), and recogniz-

ing α f4(α) to be small compared to f3(α) so that f3(α)I ≈ f3(α)I
+ f4(α)(α×) then yields

�RBm − 1

SFAlgo/d
= [

I + 2 f3(α)(α×) + 2 f4(α)(α×)2
](

Sυ

+ 1
6
(Sα × υ − α × Sυ) + �ζAlgo/d

)
≈ Sυ + [2 f3(α)I + 2 f4(α)(α×)](α × Sυ)

+ f3(α)(Sα × υ − α × Sυ) + �ζAlgo/d

≈ Sυ + 2[ f3(α)I + f4(α)(α×)](α × Sυ) + [ f3(α)I

+ f4(α)(α×)](Sα × υ − α × Sυ) + �ζAlgo/d

= Sυ + [ f3(α)I + f4(α)(α×)](Sα × υ

+α × Sυ) + �ζAlgo/d (35)

Note that under constant angular-rate/specific-force, the
1
6
(Sα ×υ−α× Sυ) term in Eq. (35) is identically zero; hence, ap-

proximations for this term in Eq. (35) have no impact on �RBm − 1

SFAlgo/d

accuracy under such conditions. The Eq. (35) result is the algorithm
developed in Ref. 6 and Ref. 7, Secs. 7.3.3 and 7.3.3.1, that provides
the exact solution for �RBm − 1

SF under constant angular-rate/specific-
force. The middle term in Eq. (35) was defined as exact position
rotation compensation and �ζAlgo/d as computed in Eqs. (34) was
defined as the scrolling term for high-resolution position updating
in a dynamic environment.

Algorithm Accuracy Assessment

The accuracy of the �vBm − 1

SF and �RBm − 1

SF algorithms in Eqs. (32),
(33), and (35) is limited by the approximations of using α for φ and
not including �ηAlgo/c and �ζAlgo/c in the middle rotation com-
pensation terms. No further discussion of the effect on accuracy is
warranted because the associated error is easily eliminated by using
the Eqs. (17) form directly.

For the φ̇, η̇, and ζ̇ continuous-form algorithms in Eqs. (29–
31), the error can be calculated as the algorithm output minus the
equivalent true output represented by Eqs. (19), (20), and (26–28).
Thus, the error in Eqs. (29) algorithm set a is approximately the

negative of �φ̇2, �η̇2, and �ζ̇3 in Eqs. (26–28),

δφ̇Algo/a ≈ −�φ̇2 δη̇Algo/a ≈ −�η̇2 δζ̇Algo/a ≈ −�ζ̇3

(36)

As expected, the algorithm rate errors are first order for δφ̇ and δη̇
and second order for δζ̇, that is, second-order errors in δφ and δη
and third-order errors in δζ.

To assess the accuracy of Eqs. (30) algorithm rate set b, we de-
velop an order higher Picard iterative solution for Eqs. (30) [similar
to the approach used to generate Eqs. (26–28)] and compare the
solution with the equivalent of Eqs. (19), (20), and (26–28). The
result is

δφ̇Algo/b ≈ − 1
6
α × �φ̇2

δη̇Algo/b ≈ − 1
6
(α × �η̇2 + 2�φ̇2 × υ)

δζ̇Algo/b ≈ δηAlgo/b − 1
6
[�φ̇2 × Sυ + α × (�ζ̇3 − �η2)] (37)
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As expected, the algorithm rate errors are second order in δφ̇ and

δη̇ and third order in δζ̇, that is, third-order errors in δφ and δη and
fourth-order errors in δζ.

Because Eqs. (31) algorithm set c was formed as φ̇2, η̇2, ζ̇3, we
expect the error rate in set c to be approximately the negative of
�φ̇3, �η̇3, and �ζ̇4 in Eqs. (26–28),

δφ̇Algo/c ≈ −�φ̇3 δη̇Algo/c ≈ −�η̇3 δζ̇Algo/c ≈ −�ζ̇4

(38)

On review, the set c error rates in Eqs. (38) appear to be second

order for δφ̇ and δη̇ and third order for δζ̇ as expected. However,
on further analysis, it can be demonstrated that based on a time-
ordered expansion (in contrast with theα-,υ-, and ζ-ordered Picard
expansion discussed thus far), Eqs. (38) actually have one order

smaller errors in δφ̇, δη̇ than would be expected. To demonstrate,
we represent the ω and aSF inputs to Eqs. (38) by the time-ordered
Taylor series expansion,

ω = ω0 + ω̇0(t − tm − 1) + ω̈0

[
(t − tm − 1)

2
/

2!
]

+∴
ω0

[
(t − tm − 1)

3
/

3!
] + · · ·

aSF = a0 + ȧ0(t − tm − 1) + ä0

[
(t − tm − 1)

2
/

2!
]

+∴
a0

[
(t − tm − 1)

3
/

3!
] + · · · (39)

for which

α = ω0(t − tm − 1) + ω̇0

[
(t − tm − 1)

2
/

2!
]

+ ω̈0

[
(t − tm − 1)

3
/

3!
] + · · ·

υ = a0(t − tm − 1) + ȧ0

[
(t − tm − 1)

2
/

2!
]

+ ä0

[
(t − tm − 1)

3
/

3!
] + · · ·

Sυ = a0

[
(t − tm − 1)

2
/

2!
] + ȧ0

[
(t − tm − 1)

3
/

3!
]

+ ä0

[
(t − tm − 1)

4
/

4!
] + · · · (40)

On substitution of Eqs. (39) and (40) in Eqs. (38), we find for par-
ticular terms

�φ̇2 = (1/4)ω0 × ω̇0(t − tm − 1)
2 + · · ·

�φ2 = (1/12)ω0 × ω̇0(t − tm − 1)
3 + · · ·

�η̇2 = (1/4)(ω0 × ȧ0 − ω̇0 × a0)(t − tm − 1)
2 + · · ·

�η2 = (1/12)(ω0 × ȧ0 − ω̇0 × a0)(t − tm − 1)
3 + · · · (41)

Because �φ̇2 and �φ2 in Eqs. (41) are second and third order in
(t − tm − 1) powers, respectively, we would expect �φ̇3 in Eqs. (38)
to be third order in (t − tm − 1). Similarly for �η̇2 and �η2 in
Eqs. (41) and �η̇3 in Eqs. (38). However, from Eqs. (41), we also see
that

�φ̇2 = [3/(t − tm − 1)]�φ2 + · · ·
�η̇2 = [3/(t − tm − 1)]�η2 + · · · (42)

On substituting Eqs. (42) in the Eqs. (38) �φ̇3 and �η̇3 equations,
we discover that the third-order (t − tm − 1) terms cancel so that �φ̇3

and �η̇3 are actually accurate to fourth order. Thus, δφ̇Algo/c and
δη̇Algo/c in Eqs. (38) are one order more accurate than originally
expected, that is, fourth order in powers of (t − tm − 1). Hence, φ̇Algo/c

and η̇Algo/c in Eqs. (31), which are first order in α,υ products, are
more accurate in maneuvering environments than might be expected
from first-order algorithms.

Continuous-Form Algorithm Approximation Errors
In this section, we determine analytical expressions for evaluat-

ing the errors remaining in algorithm sets a, b, and c as a function of
generalized angular-rate/specific-force input maneuver and vibra-
tion profile characteristics.

Algorithm Errors Under Maneuvers
Maneuver profiles can be characterized in general by the Taylor

series expansion forms of Eqs. (39). Under Eqs. (39) maneuver in-
puts, Eqs. (36) and (37) were used to assess the φ,η, and ζ errors
in algorithm sets a and b, and Equations (38) were used to assess
the ζ algorithm set c error. As discussed in the preceding section,
the φ and η errors for algorithm set c have higher than expected
accuracy based on generalized Eqs. (39) maneuver profile charac-
teristics. As such, rather than Eqs. (38), the following more accurate
equations were used for evaluating the φ, η algorithm set c errors
under maneuvering conditions:

δφ̇Algo/c = φ̇Algo/c −
4∑
1

�φ̇i = −�φ̇3 − �φ̇4

δη̇Algo/c = η̇Algo/c −
4∑
1

�η̇i = −�η̇3 − �η̇4 (43)

To evaluate the φ, η, and ζ errors in terms of maneuver profile
parameters, substitute Eqs. (39) and (40) in Eqs. (26–28), the result
into Eqs. (36–38) and (43) as discussed earlier and analytically
integrate to obtain δφ, δη, and δζ. After much routine algebra,
the final result is

δφAlgo/am
= −(1/12)ω0 × ω̇0T 3

m + · · · = −φconem

δφAlgo/bm
= −(1/96)ω0 × (ω0 × ω̇0)T 4

m + · · ·

δφAlgo/cm
= −(1/720)

[
3(ω0 × ω̇0) × ω̇0 − (ω0 × ω̈0)

×ω0 + ω2
0(ω0 × ω̇0)

]
T 5

m + · · · (44)

δηAlgo/am
= −(1/12)(ω0 × ȧ0 − ω̇0 × a0)T 3

m + · · · = −ηscullm

δηAlgo/bm
= −(1/96)[ω0 × (ω0 × ȧ0 − ω̇0 × a0)

+ 2(ω0 × ω̇0) × a0]T 4
m + · · ·

δηAlgo/cm

= − 1

720

⎡⎣[
ω2

0 I − 3(ω̇0 ×)
]
(ω0 × ȧ0 − ω̇0 × a0)

−(ω0 × ω̈0) × a0 − (ω0 × ä0 − ω̈0 × a0) ×ω0

+ [2(a0 ·ω0)I − 3(ȧ0 ×)](ω0 × ω̇0)

⎤⎦T 5
m + · · ·

(45)

δζAlgo/am
= −(1/72)(2ω0 × ȧ0 − 3ω̇0 × a0)T 4

m + · · · = −ζscrollm

δζAlgo/bm
= −(1/4320){ω0 × [13(ω0 × ȧ0) − 21(ω̇0 × a0)]

+ 36(ω0 × ω̇0) × a0}T 5
m + · · ·

δζAlgo/cm
= −(1/4320)[ω0 × (8ω0 × ȧ0 − 12ω̇0 × a0)

− 6(ω0 × ω̇0) × a0]T 5
m + · · · (46)

From Eqs. (44–46), we see, as expected, that algorithm a (which ap-
proximates the coning, sculling, and scrolling effects as negligible)
is in error by minus the coning, sculling, and scrolling terms. The
algorithm c error result for φ in Eqs. (44) matches that derived by a
similar method in Ref. 14, providing confidence in results obtained.
For the φ,η algorithm b vs algorithm c errors, it is obvious that the
algorithm c solution is superior because, as already discussed, its
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errors are fifth order in Tm vs algorithm b, whose errors are fourth
order in Tm . Note also that the ζ error for algorithm c is smaller than
for algorithm b based on the magnitude of coefficients for like terms.
We can conclude that for maneuver-type profiles characterized by
Eqs. (39), algorithm c is more accurate than algorithm b.

Algorithm Errors Under Vibration
For analysis of algorithm errors under vibration, the following si-

nusoidal model was used to characterize angular-rate/specific-force:

ω = θ0	 cos 	tux + θ0	 sin 	tuy aSF = aSF0
sin 	tuy (47)

for which

α = θ0(sin 	t − sin 	tm − 1)ux + θ0(cos 	tm − 1 − cos 	t)uy

υ = aSF0
(1/	)(cos 	tm − 1 − cos 	t)uy

Sυ = aSF0
(1/	2)[	(t − tm − 1) cos 	tm − 1

− (sin 	t − sin 	tm − 1)]uy (48)

To evaluate the φ,η, and ζ errors in terms of the Eqs. (47) and
(48) vibration profile parameters, substitute Eqs. (47) and (48) in
Eqs. (26–28), the result into Eqs. (36–38), and analytically integrate
to obtain δφ, δη, and δζ. After much routine algebra, the final result
is

δφAlgo/am
= −(1/2)θ2

0 (β − sin β)uz = −φconem

δφAlgo/bm
= (1/24)θ3

0 [g1�S(	)m

+ 3(β − sin β) sin(β/2)�C(	)m]ux − (1/24)θ 3
0 [g1�C(	)m

− 3(β − sin β) sin(β/2)�S(	)m]uy

δφAlgo/cm
= (1/24)θ3

0 4g1�S(	)mux − (1/24)θ 3
0 4g1�C(	)muy

(49)

δηAlgo/am
= −(1/2)θ0 aSF0

(1/	)(β − sin β)uz = −ηscullm

δηAlgo/bm
= −(1/24)θ2

0 aSF0
(1/	)[g1�S(	)m + 3(β

− sin β) sin(β/2)�C(	)m]ux − (1/24)θ 2
0 aSF0

(1/	)[g1�C(	)m

− 3(β − sin β) sin(β/2)�S(	)m]uy

δηAlgo/cm
= (1/24)θ2

0 aSF0
(1/	)8g1�S(	)mux

− (1/24)θ2
0 aSF0

(1/	)4g1�C(	)muy (50)

δζAlgo/am
= −(1/12)θ0 aSF0

(1/	2)[g2 + g3�S(2	)m

+ g4�C(2	)m]uz = −ζscrollm
(51)

for which the following definitions apply:

�S(ρ)m ≡ sin ρtm − sin ρtm − 1

2 sin 1
2
ρTm

β ≡ 	Tm

g1 ≡ 4 sin 1
2
β − (3β

− sin β) cos 1
2
β

�C(ρ)m ≡ cos ρtm − cos ρtm − 1

2 sin 1
2
ρTm

g2 ≡ 3β2 − 2(1 − cos β

+ β sin β)

g3 ≡ β sin β − 2(1 − cos β)

g4 ≡ −3 sin β + β(2 + cos β)

(52)

and where ρ is a generalized frequency parameter. As an exercise,
the curious reader may wish to derive equations for δζAlgo/bm

and

δζAlgo/cm
to go with δζAlgo/am

in Eqs. (52). Because ζAlgo/a is accept-
able for almost all applications [based on numerical evaluation of
Eq. (51)], it is believed that either ζAlgo/b or ζAlgo/c has sufficient ac-
curacy to satisfy accuracy requirements for the few remaining high-
precision positioning applications and that accuracy differences
between the two should be a nonfactor.

From Eqs. (49–51), we see, as expected, that algorithm a (which
approximates the coning, sculling, and scrolling effects as negligi-
ble) is in error by minus the coning, sculling, and scrolling terms.

Algorithms b and c for φ and η and algorithm a for ζ contain
�Sm and �Cm terms that need interpretation. First, we note that the
effect of δφAlgom

, δηAlgom
, and δζAlgom

error is to accumulate into
attitude, velocity, and position error at the m cycle rate. For slow
maneuvers, the resulting errors can be approximated as the sum of
δφAlgom

, δηAlgom
, and δζAlgom

over a succession of m cycles, for
example, from m = 1 to M beginning at time t0. In Eqs. (49–51),
�Sm and �Cm are the only parameters that change with m; hence,
summing δφAlgom

, δηAlgom
, and δζAlgom

is equivalent to summing
�Sm and �Cm with appropriate multiplication coefficients used to
evaluate cumulative attitude, velocity, and position error. From the
definition of �Sm and �Cm in Eqs. (52), the sums are

M∑
1

�S(ρ)m = sin ρtM − sin ρt0

2 sin 1
2
ρTM

M∑
1

�C(ρ)m = cos ρtM − cos ρt0

2 sin 1
2
ρTM

(53)

Now consider an aliased (folded) frequency parameter ρ ′ defined
implicitly by ρTm = 2Kπ + ρ ′Tm , where K is the nearest integer
number of ρ-frequency cycles in an m cycle. Substitution finds for
Eqs. (53) terms

ρtM = ρt0 + ρMTm = ρt0 + M(2Kπ + ρ ′Tm)

= 2M Kπ + ρt0 + ρ ′(tm − t0)

2 sin 1
2
ρTM = 2 cos Kπ sin 1

2
ρ ′T m

= ρ ′Tm cos Kπ
sin 1

2
ρ ′Tm

1
2
ρ ′Tm

= ρ ′Tm cos Kπ f1

(
1
2
ρ ′Tm

)
where f1 ( ) is the Taylor series defined in Eqs. (8). Then Eqs. (53)
become

M∑
1

�S(ρ)m =
∫ tM

t0

G1(t) dt
M∑
1

�C(ρ)m =
∫ tM

t0

G2(t) dt

G1(t) = J (ρ ′) cos[ρt0 + Mρ ′(t − t0)]

G2(t) = −J (ρ ′) sin[ρt0 + Mρ ′(t − t0)]

J (ρ ′) = 1

Tm cos Kπ f1

(
1
2
ρ ′Tm

) (54)

Equations (54) show that summing �Sm and �Cm generates si-
nusoidal waveforms at the folding frequency ρ ′ that represent the
integral of sinusoids of frequency ρ ′ and amplitude J (ρ ′). Note that
J (ρ ′) has no singularities for any ρ ′ value over its defining range
from −π to +π . At ρ ′ = 0, G1 and G2 become constant at J (0) cos
ρt0 and −J (0) sin 	t0, and the �Sm , �Cm sums increase linearly
with tM , the limit condition for the integral of sinusoids at frequency
ρ ′ → 0 having an initial phase angle of ρt0.

The preceding exercise can now be used to interpret the �Sm and
�Cm terms in Eqs. (49–51) as they impact attitude, velocity, and
position error. For example, consider δφAlgo/cm

in Eqs. (49). The
process of summing δφAlgo/cm

into attitude error is the Eqs. (54)

effect multiplied by the Eqs. (49) coefficient (1/24)θ3
0 4g1. Hence,

the resulting attitude error is the integral of a sinusoid at folding
frequency 	′ with amplitude (1/24)θ3

0 4g1 J (	′), or with Eqs. (54)



246 SAVAGE

Fig. 1 Algorithm c vs algorithm b error in φ and η under vibration.

for J (	′), the equivalent to the integral of a sinusoidal angular-rate
vibration of amplitude θ 3

0 g1/6Tm f1(
1
2
	′Tm) at frequency 	′. For

δηAlgo/cm
in Eqs. (50), the resulting y component velocity error is

equivalent to the integral of a sinusoidal acceleration vibration of
amplitude θ2

0 aSF0
g1/6	Tm f1(

1
2
	′Tm) and frequency 	′.

The preceding discussion showed that the effect of vibration on
φ and η algorithms b and c is to generate a sinusoidal error in at-
titude and velocity at the folding frequency 	′. A comparison of
the φ and η algorithm b and c error equations in Eqs. (49) and (50)
also reveals some interesting characteristics as a function of the vi-
bration frequency parameter β = 	Tm . Both the algorithms b and c
errors contain the g1 term (a function of β); however, the magnitude
is four times higher for algorithms c (actually eight times higher
for the x component of η error). On the other hand, algorithm b
errors contain an additional β function 3(β − sin β) sin(β/2) not
contained in the algorithm c error. It can be shown that the com-
bined effect of g1 and 3(β − sin β) sin(β/2) on algorithm b per
axis error magnitude is given by

√{g2
1 + [3(β − sin β) sin(β/2)]2}.

Thus, the ratio of algorithm c to algorithm b error can be ana-
lyzed as the ratio of 4|g1| (or 8 |g1|) for the algorithm c error
divided by the previous algorithm b function: algorithms c/b er-
ror ratio = 4|g1|/√{g2

1 + [3(β − sin β) sin(β/2)]2}. Figure 1 shows
this ratio as a function of β/2π (which equals 1 when the vibration
frequency in hertz equals the m cycle frequency). Also shown in
Fig. 1 is two times the same ratio corresponding to the 8 g1 error
effect for the x component of the η algorithm c error noted earlier.

Figure 1 shows that the error in algorithm c is smaller than for
algorithm b for vibration frequencies lower than 0.35 times the m
cycle update frequency (and lower than 0.2 times the m cycle up-
date frequency for the 2× algorithms c/b error ratio). Otherwise,
algorithm b errors are smaller, except for small narrow regions at
1.5, 2.5, 3.5, etc., times the m cycle frequency for which algorithm
c errors are again smaller. Because φ, η algorithms b and c errors
are cyclic with typically small amplitudes, the preceding discussion
may be of only academic interest.

Digital Algorithm Development
Digital algorithms would be used in a strapdown system com-

puter to implement integration of the rotation and velocity/position
translation vector rate equations. The process is complicated by the
form of input data typically provided by the strapdown angular-rate
sensors and accelerometers, increments of integrated angular rate
and specific force acceleration over the time period for input data
sampling. Selection of the input data sampling period is part of the
digital algorithm design process and is based on accuracy consider-
ations in expected dynamic environments. In general, two methods
can be considered.

1) Divide the m cycle into a number of increments correspond-
ing to the order of digital algorithm to be used for the digital
integration.12 Input sensor integrated increments for these samples
and generate an integral solution for the rotation/translation vectors
over the m cycle using the samples.

2) Perform the rotation/translation vector digital integrations at a
higher speed (l cycle rate) compared to the m cycle rate. Base the l
cycle integration updates on sensor samples taken at the l cycle rate
or at a higher rate within the l cycle. The number of sensor samples
used for the integration update would correspond to the order of the
digital algorithm being implemented (Refs. 1, 2, 8, 10, 13, 15 and
Ref. 7, Secs. 7.1.1.1.1, 7.2.2.2.2, and 7.3.3.2). The sensor samples
used for l cycle updates could be from current and past l cycles, from
higher rate samples within an l cycle, or a combination thereof.

For approach 1, the sensor sampling/processing rate is determined
by the digital integration algorithm order and the m rate. The m rate
would be set high enough to generate sufficient sensor inputs for an
accurate navigation solution under high-frequency dynamic input
conditions. For approach 2, the m rate is designed to maintain a
small value of φ under maximum angular rate conditions, thereby
protecting approximations in the continuous form algorithms (e.g.,
100 Hz to maintain φ less than 0.04 rad under a maximum 4-rad/s
angular rate). High-frequency dynamic inputs (i.e., vibration that is
generally of small φ amplitude) is accurately processed by setting a
high enough l cycle rate (e.g., 3 kHz to measure random vibrations
from 20 to 500 Hz). Thus, approach 2 benefits from the advan-
tage afforded by a two-speed algorithm structure when computer
throughput limitations are an issue; only the l rate must increase
under high-frequency vibration to maintain accurate navigation; the
m rate and its updating operations can be maintained at a lower
frequency without impacting accuracy.

Simulation Testing for Equation Validation
The analytical design process used in preparing this paper in-

cluded several rederivations of all analytical results by the author
and independently by K. M. Roscoe of Applied Strapdown Analyt-
ics, until both derivations agreed. Because of the complexity of the
analytical results, digital simulation testing was also conducted for
added confidence. The simulation tests were constructed to provide
a numerical accuracy assessment of the key derived equations com-
pared with reference numerical solutions of higher or equal accu-
racy. Tests were designed to verify exact solution equations (15–17),
Picard solution equations (20) with Eqs. (26–28), maneuver-induced
error equations (44–46), and vibration-induced error equations (49–
51). The validation process and results obtained are described in the
Appendix.

Conclusions
The velocity and position updating function in strapdown inertial

navigation systems can be structured using a new two-speed formu-
lation that directly parallels the Jordan/Bortz/Laning approach for
attitude updating. The new velocity/position update routines gen-
erate an exact solution when provided with exact position/velocity
translation vector inputs (directly analogous to the rotation vector
input for Jordan/Bortz/Laning attitude updating). Differential equa-
tions have been derived whose integration over a velocity/position
update cycle provide the exact translation vectors (analogous to
the Laning/Bortz rotation vector rate equation). Digital integration
algorithms can be designed for the translation vectors using the
exact differential equations (or their Picard expansion equivalent)
as a design base. This is the approach that has been successfully
used in the past for rotation vector algorithm design based on the
Jordan/Bortz/Laning rotation vector rate equation. Under constant
strapdown angular-rate/specific-force, the translation vectors reduce
identically to the first and second integral of strapdown specific force
acceleration (analogous to the rotation vector, which reduces to the
integral of strapdown angular rate under such conditions). Because
the attitude/velocity/position updating routines are exact under con-
stant input conditions, their software equivalents can be easily and
precisely validated by simulation under these conditions and com-
parison with known closed-form solutions. Because the updating
equations are also exact under general motion, once validated, their
algorithmic form can be used for all applications. Modern day com-
puter capabilities allow the use of such exact strapdown updating
algorithms without penalty.
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Appendix: Equation Validation
This Appendix describes the digital simulation tests used to val-

idate exact solution equations (15–17), Picard solution equations
(20) with Eqs. (26–28), maneuver-induced error equations (44–46),
and vibration-induced error equations (49–51). For all tests, inte-
gral solutions for the navigation parameters were generated using a
trapezoidal integration algorithm with a 0.1-μs cycle time. Depend-
ing on the test, the m cycle time period was set to 0.1 or 0.01 s, that
is, a 10- or 100-Hz navigation parameter update rate.

Exact Solution Validation
For this test, the exact solution for C Bm − 1

Bm
, �vBm − 1

SFm
, and �RBm − 1

SFm
obtained using Eqs. (15–17) by integrating φ̇, η̇, and ζ̇ was com-
pared with an exact reference solution generated by direct integra-
tion of Ċ Bm − 1

B(t) , �v̇Bm − 1

SF (t), and �Ṙ
Bm − 1

SF (t) in Eqs. (1). Sensor inputs
were generated from the following unrealistically severe integrated
angular-rate and specific-force acceleration profiles:

αx = −1.1τ + 0.9τ 2 − 0.6τ 3 + 1.1τ 4 − 0.1τ 5 + 0.2 sin 2.6πτ

+ 0.3(1 − cos 2.6πτ) rad

αy = −0.5τ + 1.0τ 2 + 0.3τ 3 + 0.7τ 4 + 0.2τ 5 − 0.5 sin 2.6πτ

+ 0.6(1 − cos 2.6πτ) rad

αz = 0.3τ − 1.2τ 2 + 2τ 3 − 0.9τ 4 + 0.4τ 5 + 0.8 sin 2.6πτ

− 0.9(1 − cos 2.6πτ) rad

υx = 3.5τ − 2.3τ 2 + 1.5τ 3 + 6.1τ 4 − 2.7τ 5 − 8 sin 2.6πτ

+ 5(1 − cos 2.6πτ) ft/s

υy = 7.3τ + 1.5τ 2 − 2.7τ 3 − 3.6τ 4 + 1.9τ 5 + 4 sin 2.6πτ

+ 3(1 − cos 2.6πτ) ft/s

υz = −9τ − 5.6τ 2 + 4.6τ 3 + 4.3τ 4 − 3.5τ 5 − 7 sin 2.6πτ

− 6(1 − cos 2.6πτ) ft/s (A1)

where τ is normalized time since tm − 1 as a fraction of the m cycle
time interval, that is, τ ≡ (t − tm − 1)/Tm . The ω and aSF inputs to
the navigation parameter rate equations were calculated as the dif-
ference between successive digital integration cycles of Eqs. (A1)
divided by the 0.1-μs integration cycle time.

From its definition, τ in Eqs. (A1) runs from 0 to 1 as t runs from
tm − 1 to tm . Note in Eqs. (A1) that the maximum values for the α
and υ sinusoidal terms are of the same order of magnitude over an
m cycle, (i.e., from τ = 0 to τ = 1) and the maximum values for
the α and υ quadratic expansion terms (at τ = 1, i.e., t = tm) are
of the same order of magnitude as the sinusoidal term amplitudes.
Thus, from τ = 0 to τ = 1 (i.e., t from tm − 1 to tm) all terms for α
and for υ are of the same order of magnitude, hence, contribute
noticeably to the composite navigation parameter results at τ = 1
(i.e., t = tm). Note also that all sinusoids go through 1.3 cycles (2.6/2)
over an m cycle, which is not an integer multiple of the m cycle
period.

The exact and reference solutions were generated using an m
cycle time period of 0.1 s (10 Hz). After one m cycle, the reference
solution [from Eqs. (2)] was as follows (shown rounded):

φm = (1.34, 2.16, 1.48)T rad

�vBm − 1

SFm
= (−15.7, −2.93, −0.426)T ft/s

�RBm − 1

SFm
= (−0.203, −0.133, −1.50)T ft (A2)

In Eqs. (A2),φm is the rotation vector equivalent to C Bm − 1

Bm
generated

by integrating Ċ Bm − 1

B(t) in Eqs. (1). The C Bm − 1

Bm
to φm conversion

formula is given in Ref. 7, Sec. 3.2.2.2.

The maximum magnitudes of the Eqs. (A2) parameters during the
0.1-s integration period and the time when the maximum occurred
were as follows (shown rounded):

φmax = 2.94 rad at 0.1 s �vSFmax = 24.9 ft/s at 0.0559 s

�RSFmax = 1.52 ft at 0.1 s (A3)

The error in the navigation parameters determined with Eqs. (15–17)
(calculated by subtraction of the integrated Equations (1) reference
results) is shown as a fraction of the Eqs. (A3) magnitudes as

δφm/φmax = (0.750E−13, 0.153E−11, −0.257E−11)T parts

δ�vBm − 1

SFm

/
�vSFmax

= (−0.102E−11, 0.675E−13, −0.101E−11)T parts

δ�RBm − 1

SFm

/
�RSFmax

= (0.370E−11, 0.211E−12, 0.355E−12)T parts (A4)

The minor error is attributed to computer roundoff and/or trapezoidal
integration error. Results clearly indicate that under extreme angle
rotation conditions, Eqs. (15–17) continuous-form velocity/position
algorithms are alternate exact representations of velocity/position
determined by integrating Eqs. (1).

Picard Solution Validation
For this test, the Picard expansion solution for φ, η, and ζ ob-

tained by integrating Eqs. (20) with Eqs. (26–28) was compared with
an exact reference solution for φ, η, and ζ generated by integrating
Eqs. (15) with Eqs. (16). The test included preliminary simulation
verification of Eqs. (25) approximations for f under small-angle
input conditions. As in the exact solution test, sensor inputs for the
Picard test were generated using Eqs. (A1) except that, to reduce
the magnitude of the rotation vector φ for compatibility with Picard
expansion accuracy assumptions, the α integrated-rate input com-
ponents were set to 1/30th of the Eqs. (A1) values. Equations (A1)
were used as shown for the υ integrated specific force acceleration
components. The ω and aSF inputs to the navigation parameter rate
equations were calculated as the difference between successive dig-
ital integration cycles of Eqs. (A1) divided by the 0.1-μs integration
cycle time.

The Picard solution test was initially conducted using an m cycle
time period of 0.1 s (10 Hz). After one m cycle, the reference nav-
igation solution [from the integral of Eqs. (15) and (16) previously
shown to be exact] was as follows (shown rounded):

φm = (0.0264, 0.0690, 0.00674)T rad

ηm = (5.26, 11.5, −23.9)T ft/s

ζm = (0.552, 0.591, −1.15)T ft (A5)

The maximum magnitude of the Eqs. (A5) parameters during the
0.1-s integration period and the time when the maximum occurred
were as follows (shown rounded):

φmax = 0.0837 rad at 0.0476 s ηmax = 27.1 ft/s at 0.1 s

ζmax = 1.40 ft at 0.1 s (A6)

The error in the equivalent integrated Picard expansion solution
Eqs. (20) with Eqs. (26–28) is shown next as a fraction of the
Eqs. (A5) magnitudes,

δφPicm

/
φmax = (0.294E−6, −0.262E−6, −0.172E−6)T parts

δηPicm

/
ηmax = (−0.199E−5,−0.208E−5, 0.531E−5)T parts

δζPicm

/
ζmax = (−0.345E−5,−0.279E−5,−0.196E−5)T parts

(A7)
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The Eqs. (A7) results demonstrate that the Picard expansion solution
in Eqs. (20) with Eqs. (26–28) is an accurate approximation of the
integrated Eqs. (15) and (16) exact solution. For the Picard expansion
order in Eqs. (26–28) (fourth order for φ, η, and fifth order for ζ),
the normalized error magnitudes should be on the order of φ4

max,
which, for φmax = 0.101 rad in Eqs. (A6), is consistent with Eqs. (A7)
results.

To obtain further confidence in the validity of Eqs. (20) with
Eqs. (26–28), the preceding test was repeated with a more represen-
tative m cycle time period of 0.01 s (100 Hz) using Eqs. (A1) input
integrated angular-rate/specific-force profile but with the α compo-
nents at 1/300th of the Eq. (A1) values and the υ components at
1/10th the Eqs. (A1) values, that is, 10% of the earlier 10-Hz test
values. The maximum magnitudes of the integrated Eqs. (15) and
(16) reference navigation parameters during the 0.01-s integration
period and the time when the maximum occurred were as follows
(shown rounded):

φmax = 0.00837 rad at 0.00476 s ηmax = 2.71 ft/s at 0.01 s

ζmax = 0.0140 ft at 0.01 s (A8)

The equivalent to the Eqs. (A7) results after one 0.01-s m cycle was
as follows (normalized by the Eqs. (A8) maximum values):

δφPicm

/
φmax = (0.305E−10, −0.259E−10, −0.183E−10)T parts

δηPicm

/
ηmax = (−0.159E−8, −0.232E−8, 0.506E−8)T parts

δζPicm

/
ζmax = (−0.314E−8, −0.306E−8, −0.212E−8)T parts

(A9)

The Eqs. (A9) results clearly indicate that, for a 100-Hz algorithm
update rate, the integrated Eqs. (20) with Eqs. (26–28) Picard so-
lution very closely matches the exact integrated Eqs. (15) and (16)
reference solution under severe dynamic conditions. Furthermore,
Eqs. (A9) were generated using 1/10th the input magnitude as
Eqs. (A7) with the η and ζ errors in Eqs. (A9) then becoming
(1/10)3 of the errors in Eqs. (A7). This demonstrates that the nor-
malized Picard expansion errors vary by the third power ofφ, which
is equivalent to the unnormalized errors being fourth order in pow-
ers of φ, η, and ζ, the expected result for the Picard expansion in
Eqs. (26–28). Interestingly, the normalizedφ errors in Eqs. (A9) are
(1/10)4 of the errors in Eqs. (A7); hence, the unnormalized φ errors
are fifth order in powers of φ, that is, one order more accurate than
what would be expected from the Picard expansion forφ in Eq. (26).
This unusual result can be traced to the Eqs. (25) approximation of
f5 ≈ 1/12, whose error is in powers of φ2, not powers of φ. The
effect on the Eqs. (26) expansion is to eliminate the fourth-order
error.

Maneuver-Induced Error Equation Validation
For this test series, the Eqs. (44–46) estimates for φ,η, and ζ

algorithm error under maneuvers were compared with a reference
algorithm error generated directly as the algorithm solution minus
the Picard expansion solution obtained by integrating Eqs. (20) with
Eqs. (26–28). Note that Eqs. (44–46) were derived as the algorithm
solution minus Eqs. (20) [with Eqs. (26–28)]; hence, the Picard
solution is the proper reference for analytical derivation accuracy
assessment. The tests were conducted using the following angular-
rate/specific-force input dynamic maneuver profile:

ωx = 1.1 + 0.9(t − tm − 1) − 0.6
[
(t − tm − 1)

2
/

2!
]

+ 1.1
[
(t−tm − 1)

3
/

3!
] − 0.1

[
(t − tm − 1)

4
/

4!
]

rad/s

ωy = −0.5 + 1.0(t − tm − 1) + 0.3
[
(t − tm − 1)

2
/

2!
]

+ 0.7
[
(t − tm − 1)

3
/

3!
] + 0.2

[
(t − tm − 1)

4
/

4!
]

rad/s

ωz = 0.3 − 1.2(t − tm−1) + 2
[
(t − tm−1)

2
/

2!
]

−0.9
[
(t − tm−1)

3
/

3!
] + 0.4

[
(t − tm−1)

4
/

4!
]

rad/s

aSFx = 3.5 − 2.3(t − tm − 1) + 1.5
[
(t − tm − 1)

2
/

2!
]

+ 6.1
[
(t−tm − 1)

3
/

3!
] − 2.7

[
(t − tm − 1)

4
/

4!
]

ft/s2

aSFy = 7.3 + 1.5(t − tm − 1) − 2.7
[
(t − tm − 1)

2
/

2!
]

− 3.6
[
(t−tm − 1)

3
/

3!
] + 1.9

[
(t − tm − 1)

4
/

4!
]

ft/s2

aSFz = −9 − 5.6(t − tm − 1) + 4.6
[
(t − tm − 1)

2
/

2!
]

+ 4.3
[
(t−tm − 1)

3
/

3!
] − 3.5

[
(t − tm − 1)

4
/

4!
]

ft/s2

(A10)

Note in Eqs. (A10) compared to the generic equations (39) form
[and the input to Eqs. (44–46)] that the coefficients in Eqs. (A10)
multiplying the (t − tm − 1)

k/k! terms represent the kth derivative of
the angular-rate/specific-force components. They were selected to
be of the same order of magnitude to assure comparable participation
in Eqs. (44–46) and its reference equivalent.

Using Eqs. (A10) and a 0.1-s integration time, the exact integrated
Eqs. (15) solution parameters and their maximum values at 0.1 s
were as follows:

φ = (0.114, −0.0448, 0.0245)T rad

η = (0.339, 0.737, −0.927)T ft/s

ζ = (0.0171, 0.0367, −0.0459)T ft

φmax = 0.125 rad at 0.1 s ηmax = 1.23 ft/s at 0.1 s

ζmax = 0.0613 ft at 0.1 s (A11)

The algorithm errors under the Eqs. (A10) input were calculated at
0.1 s as the algorithm solution minus the integrated equations (20)
with Eqs. (26–28) Picard solution. As an example, for φ and η algo-
rithm c, Eqs. (44) and (45) error vector component and magnitude
results at 0.1 s were as follows:

δφAlgcEr = (0.121E−6, −0.944E−7, 0.528E−7)T rad

δηAlgcEr = (0.598E−6, −0.801E−7, −0.117E−6)T ft/s

δφAlgcErMag
= 0.162E−6 rad

δηAlgcErMag
= 0.614E−6 ft/s (A12)

The Eqs. (44) and (45) analytical predictions of the φ and η algo-
rithm c errors were then calculated and compared to the Eqs. (A12)
reference model equivalent. The results were as follows [normalized
by the Eqs. (A12) magnitude values]:

δ(δφAnalAlgcEr)/δφAlgcErMag
= (0.0442, −0.0490, 0.0304)T parts

δ(δηAnalAlgcEr)/δηAlgcErMag
= (0.159, 0.0823, 0.0811)T parts

(A13)

Equations (A13) results demonstrate that for the 0.1-s integration
time (equivalent to m cycle sampling at a 10-Hz cycle rate) Eqs. (44)
provide a good analytical estimate of theφ and η algorithm c errors.

The preceding test was repeated using the Eqs. (A10) input with
a 0.01-s integration time. Results were as follows:

φmax = 0.0125 rad ηmax = 0.121 ft/s ζmax = 0.000606 ft

δφAlgcErMag
= 0.172E−11 rad δηAlgcErMag

= 0.690E−11 ft/s

δ(δφAnalAlgcEr)/δφAlgcErMag
= (0.00441, −0.00483, 0.00291)T parts

δ(δηAnalAlgcEr)/δηAlgcErMag
= (0.0144, 0.00802, 0.00743)T parts

(A14)

Equations (A14) show that for the 0.01-s integration time (equiva-
lent to a 100-Hz m cycle rate) Eqs. (44) and (45) provide a factor
of 10 improved accuracy in estimating φ and η algorithm c error
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compared to the 0.1-s m cycle result. This is consistent with what
is expected when the m cycle rate is increased by a factor of 10 for
the same angular-rate/specific-force input.

The preceding results are typical for Eqs. (44–46), providing fur-
ther confidence in the validity of these equations for estimating
algorithm error.

Vibration-Induced Error Equation Validation
Algorithm error equations (49–51) were validated using the

Eqs. (47) vibration profile with θ0 = 0.001 rad, aSF0
= 3 g, and 	

spanning a range of vibration frequencies less and greater than the
m cycle update frequency. Two sets of tests were conducted. For
the first, Eqs. (49–51) analytical predictions were compared to the
equivalent results generated by direct integration of the algorithm
rate equations minus the equivalent integrated equations (15) exact
solution (already verified). The comparison results were similar to
those for the Picard accuracy test discussed earlier, providing con-
fidence in the validity of Eqs. (49–51). For the second test series,
Eqs. (49–51) analytical predictions were compared with the inte-
grated Eqs. (36–38) equivalent results. Because Eqs. (49–51) were
derived from Eqs. (36–38) without approximations, the second test
was expected to provide an exact match of Eqs. (49–51) with in-
tegrated equations (36–38). It did within computer roundoff error
(similar to the exact solution test result discussed earlier), providing
further confidence in Eqs. (49–51).
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